We present an approximative calculation of the ground-state energy for the anisotropic oscillator with a potential
Abstract
We present an approximative calculation of the ground-state energy for the anisotropic oscillator with a potential V (x, y) = 1 2 (x 2 + y 2 ) + g 4 x 4 + 2(1 − δ)x 2 y 2 + y 4 .
Using an instanton solution of the isotropic action δ = 0, we obtain the imaginary part of the ground-state energy for small negative g as a series expansion in the anisotropy parameter δ. From this, the largeorder behavior of the g-expansions accompanying each power of δ are obtained by means of a dispersion relation in g. These g-expansions are summed by a Borel transformation, yielding an approximation to the ground-state energy for the region near the isotropic limit. This approximation is found to be excellent in a rather wide region of δ around δ = 0. Special attention is devoted to the immediate vicinity of the isotropic point. Using a simple model integral we show that the largeorder behavior of an δ-dependent series expansion in g undergoes a crossover from an isotropic to an anisotropic regime as the order k of the expansion coefficients passes the value k cross ∼ 1/|δ|.
Introduction
Phase transitions in anisotropic systems with cubic symmetry have attracted much interest in the literature [1] - [5] . Especially well studied are corresponding models in quantum mechanics. To gain an analytic insight into the latter, Banks, Bender, and Wu (BBW) [6] studied a Hamiltonian with a potential
Using multidimensional WKB techniques they derived the large-order behavior of the perturbation series for the ground-state energy
as a function of the anisotropy parameter δ.
In 1990, Janke [7] derived the same results with more efficiency from a path integral for the imaginary part of the energy E. The imaginary part contains information on the tunneling decay rate of the ground state for g < 0, and determines directly the large-order behavior of the perturbation coefficients via a dispersion relation in the complex coupling constant plane. Both, BBW and Janke, find a different large-order behavior of the isotropic system δ = 0 and the anisotropic system δ = 0. They do not discuss, however, the interesting question of how the latter goes over into the former as δ goes to zero.
It is the purpose of this paper to fill this gap. For an optimal understanding of the expected behavior we shall not attack directly the path integral involving the potential (1), but first only the corresponding simple integral. For this integral, a perturbation expansion of the form (2) yields exactlydetermined δ-dependent perturbation coefficients. The coeffients E k (δ) are shown to have a large-order behavior which undergoes a crossover between the earlier derived isotropic and anisotropic behaviors when the order k passes the crossover value k cross ∼ 1/|δ|.
The expansion terms of a model integral with the potential (1) counts the number of terms in a perturbation expansion of the quantum mechanic and the field theory. Thus the bare model integral is sufficient to derive nontrivial information on the large-order behavior of the eventual object of interest, quantum field theory. It turns out that for resumming the g-series, asymptotic large-order estimates for the δ-dependent coefficients can be used only in the anisotropic regime k|δ| ≫ 1. In the isotropic regime k|δ| ≪ 1, on the other hand, it is impossible to truncate the large-order expansion of the perturbation coefficients after a finite number of terms. Thus the neighbourhood of the isotropic system δ = 0 needs an extra investigation. In the context of quantum field theory, this was recently delivered in [8] .
The imaginary parts of physical quantities at small negative g can be calculated with the help of classical solutions called instantons. In systems sufficiently close to the isotropic point it is not necessary to know the exact instanton solutions for all δ. The knowledge of the solution at the symmetry point δ = 0 is perfectly sufficient, around which the imaginary parts can be expanded in powers of δ.
After having understood the model integral, we shall perform the same analysis for an anisotropic quantum mechanical system, which represents an one-dimensional φ 4 -field theory with cubic anisotropy. The paper is organized as follows. In Section 2 we develop a simple resummation procedure by which the divergent power series expansion of a function Z(g) = k Z k g k is converted into an almost convergent series p a p I p (g). Here I p (g) are certain confluent hypergeometric functions which possess power series expansions in g with similar large-order behavior as the system under study. In Section 3 we shall analyse the above-mentioned crossover in the large-order behavior for the simple model integral. In particular, we shall justify the resummation procedure of Section 2 and the methods in [8] to be the perfect tools in approximating the integral for the region near the isotropic limit δ → 0. In Section 4, finally, we present a similar calculation for the ground state energy of the anharmonic potential with cubic anisotropy.
In addition to this more standard resummation procedure we analyse the model also within the variational perturbation theory developed in [9] - [12] . Variational perturbation theory yields uniformily and exponentially fast converging expansion for quantum mechanical systems with quartic potentials [13] . The uniform convergence was first proven for the partition function of the anharmonic integral, later for the quantum mechanical anharmonic oscillator with coupling strength g in several papers [14] . Recently, the proof was sharpened and extended to the energies [15] .
The input for the quantum mechanical model is provided by the exact Rayleigh-Schrödinger perturbation coefficients of the ground-state en-ergy which we derive from an extension of recursion relations first shown by Bender and Wu (BW) [16] .
Resummation
We begin with developing a practical algorithm for a Borel resummation of a divergent perturbation series
Our method will be most efficient under the following conditions:
1. From low-order perturbation theory we know the expansion coefficients Z k up to a certain finite order N.
2. From semiclassical methods we are in the possession of the high-order information in the form
3. By some scaling arguments we are able to assure a power behavior in the strong coupling limit
The idea of the algorithm is the following: It must be possible to construct an infinite, complete set of Borel summable functions I p (g) which satisfy the high-order and strong-coupling conditions (4) and (5) . These functions can be used as a new basis in which to reexpand Z(g):
The series (6) should be such that the knowledge of the first (N + 1) coefficients in the power series expansion (3) is sufficient to determine directly the first (N + 1) coefficients a p , yielding an approximation
This would then be a new representation of the function Z(g) with the same power series up to g N but which makes use of large-order and strong-coupling informations (4) and (5). In the limit of large N, the series (7) is expected to converge towards the exact solution.
The functions I p (g) being Bore summable have a Borel representation
Parametrized by some b 0 and integer p, what are the conditions on B p (gt), such that I p (g) satisfies (4) and (5) for all p? The answer is most easily found with the help of the hypergeometric functions
with appropriate parameters a(p), b(p) apd c(p). The Pochhammer symbol (a) k stands short for (a) k = Γ(a+k)/Γ(a). These functions have the following virtues: First, they are standard special functions of mathematical physics whose properties are well-known. Second, they have a cut running from t = −1/|σg| to minus infinity which is necessary to generate the large-order behavior (4). Third, they have enough free parameters to fit all input-data. The first property permits an immediate calculation of the Borel integral (8) , which is simply a Laplace transformation of t b 0 2 F 1 (a, b; c; −σgt)
The resulting E(a, b, b 0 + 1 : c : 1/σg) is MacRobert's E-function. Using its asymptotic expansion (see Ref. [17] , page 203) it is easy to verify that our ansatz reproduces the large-order behavior (4). Indeed, for large k the power series
has coefficients which grow like
Moreover, this property is unchanged if the original hypergeometric function is multiplied by a power (σgt) p . A possible set of Borel functions are therefore the following functions:
Looking at (12) we see that the functions (13) are not completely fixed by a given large-order behavior. The parameter β in (4) merely imposes the following relation upon the parameters a,b,c and b 0
and there are many different ways to satisfy this. The specific choice will be suggested by practical considerations. One such consideration is that the I p 's should possess a simple integral representation in order to avoid complicated numerical work. In addition, we would like to work with parameters a,b and c, for which the hypergeometric function 2 F 1 reduces to simple algebraic functions. This happens only for special sets of the parameters. A simple possibility is for instance (see Ref. [18] , page 556)
which arises by choosing the parameters a,b and c which are related by
With this, the relation (14) can be satisfied for an arbitrary value of the parameter a by choosing
and we are left with only one parameter degree of freedom. This freedom may be used to accommodate the strong-coupling behavior of Z(g) if it is known. The equation (7) yields the condition I p (g) → const. × g α on the functions I p (g). From (8) we see that such a power behavior emerges if all Borel functions B p satisfy B p (z) → const. × z α and thus 2 F 1 (a, b; c; −z) → const. × z −p+α [see (13) ]. The explicit representation (15) shows that the parameter a has to be taken as
Thus we obtain the approximation
where the Borel parameter b 0 is fixed by (17) . The normalization constant 1/4 p Γ(b 0 + 1) in front of the expansion functions was introduced for convenience.
Let us now derive equations for the expansion coefficients a p in terms of the perturbation coefficients Z k . All one has to do is take the asymptotic expansions
insert these into (7), collect terms of equal power g k , and compare these with the perturbation series (3). This gives the (N + 1) algebraic equations
By assumption, the series on the left hand side contains only the coefficients a p with p ≤ N. Thus the a p 's can be computed, in principle, by inverting the (N + 1) × (N + 1) matrix (I) kp = I p k . Even though this can be done recursively for any given case, it is preferable to find an explicit algebraic solution for a p in terms of Z k . This is possible using the following trick. We rewrite the asymptotic expansion of Z (N ) in Borel form
insert the expression (19) for I p (g), and compare directly both integrands
Introducing the new variable
we obtain from (23) the relation valid for all α:
In order to compare equal powers in w we expand on the right hand side
which gives after a shift of the summation index from l to p = k + l the first (N + 1) coefficients a p in terms of the perturbation coefficients Z k
Finally, rewriting the binomial coefficients by means of the identity
we obtain the more convenient expression
Thus, we have solved the original matrix inversion problem (21) by translating it to a simple problem in function theory, namely that of inverting the function w(σgt) in (24). For the purpose of calculating the integrals I p (g) numerically, we may use the variable w itself as a variable of integration, and rewrite the integral representation for I p (g) in the form:
(30) Together with the explicit formula (29) for the coefficients a p we thus have solved the resummation, and it is now straightforward to calculate the approximation (7).
Model integral
In order to set up an approximation method for an anisotropic model in the neighborhood of the isotropic point δ = 0, it is instructive to study first a simple toy model whose partition function is defined by a two-dimensional integral:
(31) This can be interpreted as a partition function of a φ 4 -theory in zero spacetime dimensions with cubic anisotropy. Introducing polar coordinates x = r cos ϕ and y = r sin ϕ, we obtain the more convenient form of the integral (31):
with ρ = r 2 /2 and
After an integration over the angle ϕ, we find the integral
where I 0 (x) is a modified Besselfunction I ν (x) for ν = 0. Eq.(34) is useful for a numerical calculation of Z(g, δ). It will serve as a testing ground for our approximations. Thanks to the special spacetime dimensionality of the model, the perturbation expansion of Z(g, δ) can be obtained explicitely and we can calculate the large-order behavior without doing the saddle point approximation, which is unavoidable in quantum mechanics and field theory.
At first glance it seems useful to expand Z(g, δ) in the form
where the perturbation coefficients are parametrized by the anisotropy δ.
The coefficients Z k (δ) may be found by expanding the integrand of (32) in powers of g and performing the integral term by term:
where P k (x) are the Legendrepolynomials.
In Figure 1 we have plotted the order dependence of these coefficients for the anisotropy parameter δ = 10 −2 . What we can see is a crossover of the large-order behavior from an isotropic to an anisotropic regime in the vicinity of an special crossover value k cross ∼ 1/|δ| = 10 2 . In the anisotropic regime k|δ| ≫ 1, the large-order parameter β has the value β = −1. For k|δ| ≪ 1, however, we can read off the large-order behavior of the isotropic case, i. e. β = −1/2 (see also Figure 2 ).
Using the duplication formula for Gamma-functions and the expansion
the large-k behavior of Γ(2k + 1) is given by
An approximation of the Legendre Polynomials P k (x) for large k including contributions of the order O(1/k) can be derived from Hobson (see Ref. [19] , page 305):
Substituting
we obtain for δ > 0 The combination of (38) and (41) yields the large-order behavior of the perturbation coefficients Z k (δ):
A similar calculation can be done for δ < 0 with the result:
For resumming the series (35), the perturbation coefficients (42) and (43) can be used only for k|δ| ≫ 1. In the regime k|δ| ≪ 1, on the other hand, it is unpossible to truncate the series in (42) and in (43) after a finite order of 1/k|δ| ≫ 1. Thus, the isotropic regime cannot be described by resumming the perturbation series (35) using the asymptotic results (42) and (43). Being interested in the region close to the isotropic limit, we therefore use an expansion different from (35), and rewrite Z(g, δ) as
Then, for the reason given in [8] , reasonable results should be obtained by resumming the g-series accompanying each power δ n . The explicit form of the coefficients Z kn is given by
and Z kn = 0 for k < n. For these coefficients, the expansion of the Gammafunctions yields the behavior for large k ≫ n:
In the following we shall calculate the coefficients (46) by means of the steepest descent method using the saddle points of the limit δ → 0. This will serve as a simple preparation for the analogous method in quantum mechanics and field theory.
As a function of a δ and a complex coupling g, the integral (31) is defined in the half-plane Re g ≥ 0. For Re g < 0, the integral can be calculated by an analytical continuation from the right into the left half-plane, keeping the integrand in (31) real. This analytical continuation can be achieved by a joint rotation in the complex g-plane and of the integration contour in the r = (x, y)-plane. The convergence of the integral is maintained by the substitution g → g exp(iθ) and r → r exp(−iθ/4), where θ is the rotation angle in the complex g-plane. Let us assume that the function Z(g, δ) is analytic in the g-plane, with a cut along the negative g-axis, and a discontinuity for g < 0. Then the rotation in the complex g-plane by an angle θ = ±π yields on the lower lip of the cut:
The corresponding rotated integration contours (Γ ∓ ) are drawn in Figure 3 . The discontinuity across the cut is given by
where the combined contour Γ = Γ + − Γ − runs for r > 0 entirely through the right half plane. In a perturbatively expansion in powers of δ, the discontinuity can be computed from an expansion around the saddle point
of the isotropic case δ = 0. Since r > 0, only the positive square root contributes, the negative one is automatically taken into account by the integration over the angle ϕ. Now, the contour of integration Γ in the right half-plane can be deformed to run vertically across the saddle point (see Figure 4 ), i. e. , we can integrate along a straight line: The exponent in (48) plays the role of an action, and the deviations ξ may be considered as fluctuations around the extremal solution. The angle ϕ is analogous to a collective coordinate along the motion of the instanton in the isotropic limit. Expanding the action up to the second order in ξ around the extremum of the isotropic action, we obtain
Integrating out the fluctuations ξ and the collective coordinate ϕ, and using the equation
we obtain the following imaginary part for Z:
(53) Each power δ n has its own n-dependent imaginary part. Given such an expansion, the large-order estimates for the coefficients Z kn (with k ≪ n) follows from a dispersion relation in g (see for example Eq. (6) in Ref. [7] )
where Z (n) (g) is the coefficient of δ n . In general if a real analytic function F (g) has on top of the cut along g ∈ (−∞, 0) an imaginary part
then a dispersion relation of the form (54) leads to the asymptotic behavior
With σ = 4 and β = n − 1/2, we obtain again the result (46).
Thus, the steepest descent method using the isotropic saddle point is a perfect tool for calculating the large-orde behavior of the expansion coefficients Z kn in the expansion (44). A great advantage of this method with respect to the exact calculation (45) is the fact that it can be generalized to quantum mechanics and field theory where exact calculations would be unpossible.
Before applying the resummation algorithm of the previous section we have to study the strong-coupling behavior, i. e., the limit of large g. This can simply be done by rescaling the integral (32)
with G from (33) and y = ρ √ G. Taking the limit of large g (i. e. large G) and integrating out the angle ϕ we find
Now, a resummation of the g-series in (44) yields a generalization of (7):
with the complete set of Borel summable functions
and the coefficients
where the perturbation coefficients Z kn are given by (45). The parameters b 0 (n), σ and α follow from the large-order behavior (46) and the strongcoupling expansion (58), respectively:
From (62) it is possible to derive the following closed formula for the coefficients a pn :
Inserting the exact strong-coupling parameter α = −1/2, we obtain
Thus we have a general result that the approximants N p=n a pn I pn (g) in (60) posses no terms with p > n, where n is the power of δ. In such a way the n-dependent functions of g associated to each δ n are recovered exactly. The approximation Z (N ) (g, δ) may then be compared with the numerically calculated integral (34). In Figures 5 and 6 we have shown the result for various N and coupling constants g/4.
Quantum mechanics
After the integral model, the simplest nontrivial example for our approximation method is a φ 4 -theory in one spacetime dimension with a cubic anisotropy, which is equivalent to the quantum mechanics of an anisotropic anharmonic oscillator. 
Recursions relations for the ground-state perturbation coefficients
Consider an anharmonic oscillator with cubic anisotropy and a Hamilton operator
Introducing reduced variables by a rescaling
yields the dimensionless time-independent Schrödinger equation
(68) with the associated boundary condition
The boundery condition selects only the discrete energy eigenvalues E (n) . We now consider the ground-state energy E (0) = E, whose perturbation expansion has the form
with the unperturbed ground-state energy E 00 = 1. In the following, we refer to (70) as the Rayleigh-Schrödinger series and the E lm as a RayleighSchrödinger coefficient.
In general, the ground-state energy is available from the sum of all connected Feynman diagrams having no externel legs. For an efficient computation of the Rayleigh-Schrödinger coefficients at large orders we shall derive recursions for the E lm following a method introduced by Bender and Wu [16] . In this way we obtain a difference equation generating the RayleighSchrödinger coefficients.
Separating out the unperturbed ground-state wave function, Ψ 0 (x, y) = exp[−(x 2 + y 2 )/2], we substitute
where Φ kn (x, y) is polynomial in x, y with Φ 00 = 1. Inserting the perturbation expansions (70), (71) into the differential equation (68), and collecting powers of g and δ, we find
Finally, the ansatz
with A kn ij = 0 for i, j > 2k − n ; i, j, k, n < 0 ; k < n
gives the desired difference equation
The A kn ij yield the desired Rayleigh-Schrödinger coefficients E kn via the simple formula
These can be determined recursively via (75). The recursion must be initialized with A kn 00 = δ k0 δ n0 ,
and solved at increasing k = 0, 1, 2, . . .; n = 0, 1, 2, . . . , k and, for each set k and n, with decreasing i = 2k − n, . . . , 0; j = 2k − n, . . . , 0 (omitting i=j=0). The procedure is most easily performed with the help of an algebraic computer program. The list of the first Rayleigh-Schrödinger coefficients up to k = 12 (n = 0, . . . , k) is given Table 1 .
Large-order coefficients and resummation
Working with Langer's formulation [20] (which is related to Lipatov's [21] by a dispersion relation) and making use of known results for the isotropic anharmonic oscillator, we shall derive the large-order behavior of perturbation expansion for the ground-state energy. The method is based on the path-integral representation of the quantum partition function
where
(79) is the Euclidean action corresponding to the Hamiltonian (66). For g > 0, the system is stable and Z is real. On the other hand, if the coupling constant g is negative the system becomes unstable and Z develops an exponentially small imaginary part related to the decay-rate Γ of the ground-state resonance. The imaginary part of the ground-state energy may be obtained by taking the large β limit in (78),
In the above equation the fact was used that Im Z ∝ exp(−β) exp [−1/(σ|g|)] is much smaller than Re Z = exp{−β[1 + O(g)]}. For small g < 0, this imaginary part can be computed perturbatively in the anisotropic parameter δ by the expansion around the isotropic instanton solution r c (τ ): Table 1 : Coefficients E kn in the perturbation series (70) for the ground-state energy up to k = 12 (n = 0,. . . ,k).
For simplicity, we shall set τ 0 = 0 in the sequel. In (81) we have separated out the rotation angle ϕ of the isotropic instanton in the (x, y)-plane and ξ, η are the degrees of freedom, orthogonal to this rotation. Inserting the expansion (81) into the action (79) we obtain the expression
where we have splitted of the action into the terms responsible for the leading contributions in an expansion of the form (53) and a remainder O δ/ |g| . Then the δ-dependence of the transversal quadratic fluctuations belongs to the omitted terms. Expanding (78) in δ and integrating out the quadratic fluctuations we obtain
(83) where the angle integral can be done with
The contribution f ξ and f η from the quadratic longitudinal and transversal fluctuations coincide with those appearing in the isotropic oscillator problem and are therefore known. With the isotropic classical action A 0c = 4/(3|g|) the well-known results are
and
where we have used the partition function of the harmonic oscillator
to normalize the determinants. In the upper determinants, the zero eigenvalues are excluded. This fact is recorded by the prime. The longitudinal fluctuations ξ contain a negative eigenmode, this being responsible for the factor −i/2 and the absolut value sign, and a zero eigenmode associated with the translation invariance which is spontaneously broken by the special choice τ 0 = 0. The separation of this zero eigenmode in the framework of collective coordinates yields the factor β A 0c /(2π) (see Chapter 17 in Ref. [11] ). Collecting the contributions of the negative and all positive eigenmodes one obtains the remaining factor √ 12. In contrast to the longitudinal case the transversal fluctuations η do not contain any negative mode. The transversal fluctuation operator has one zero eigenvalue due to the rotational invariance in the limit δ → 0. The associated eigenmode is extracted from the integration measure via the change of variables (81). The Jacobian of this coordinate treansformation can be deduced from the isotropic system. It contributes the factor 3A 0c /(2π). The remaining factor 2 results from all other modes with positive eigenvalues.
Collecting all contributions to the imaginary part of the ground-state energy (80), an cancellation of all β dependent factors leads to:
Finally, by means of the dispersion relation (54) we find the corresponding large-order behavior of the coefficients in the expansion (70):
After having derived the large-order behavior of E kn and the low-order perturbation coefficients via the Bender and Wu-like recursions (75) and (76), we are in the position to resumme the g-series accompanying each power δ n in the expansion (70). The remaining strong-coupling expansion follows from Symanzik scaling [22] :
i. e., the power behavior in the strong-coupling limit is given by
where the 1/3 coincides with that appearing in the one-dimensional oscillator problem. The δ-dependence enters by the prefactor κ 0 . Combining (17) and the formulas (60), (61) and (62), the resummation procedure must be worked through with the parameters
In Figures 7 and 8 we have plotted the δ-dependence of the resummed groundstate energy E for two different values of the coupling constant g/4 and for various orders N. For a reference plot we have used the very accurate dotted curve which we have obtained numerically from the variational perturbation theory described in the next subsection.
Variational perturbation theory
It is useful to compare the above results with those of another recentlydeveloped resummation procedure known as variational perturbation theory The truncated power series
is certainly independent of Ω for k going to infinity. However, at any finite order it depends on Ω. The optimal value of Ω is found by calculating all extrema and the turning points. The smallest among these order-dependent points is used as an optimal trying value and is denoted by Ω k (g, δ) . The associated energy
] constitutes the desired approximation to the ground-state energy. In Figures 9 and 10 we have plotted the Ω-dependence of W 5,6 for various anisotropy parameters δ at the coupling constant g/4 = 0.1. The shape of the curves depends little on δ. Only in the case of odd k does a minimum exist. For even k, there is no extremum and the optimal Ω-value lies at a turning point.
For an isotropic gx 4 -model, the precision of the variational perturbation method has been illustrated by a comparison with accurate numerical energies [15] . With increasing k the approach of W k to the exact energy is quite rapid and its mechanism is well understood.
In Table 2 we display the ground-state energies for odd k, which we have obtained for the anisotropic model at various δ and g/4. The convergence to fixed energy values is comparable to the case of the simple gx 4 -interaction. So we assume that these numbers coincide with the exact ground-state energy values at least up to the first four digits.
Summary
With the help of a simple model integral containing a quadratic and two quartic terms of different symmetry, we have investigated in detail the largeorder behavior of the δ-dependent g-series in a function f (g, δ) = k f k (δ)g k for the region near the isotropic limit δ → 0. We have shown that the large-order behavior of f k (δ) undergoes a crossover from the anisotropic to an isotropic regime near the order of perturbation theory k cross ≈ 1/|δ|.
In quantum mechanics, the extreme large-order behavior of perturbation theory for the anisotropic regime k|δ| ≫ 1 is identical with earlier results of BBW [6] and Janke [7] . In displaying the crossover-behavior we have gone beyond these earlier works. In particular, our resummation algorithm is shown to work very well in the vicinity of δ = 0 and for δ > 0, the latter being relevant to the question of a stable cubic fixed point in field theory. With increasing coupling constant g/4, the error of the result for the ground-state energy becomes larger. However, for N = 6 (this is the largest available order for the β-functions in quantum field theory, see Ref. [5] ) and in the wide region δ ∈ (−0.5, 2) and g/4 ∈ (0, 1) the error remains smaller than 0.8%. The increasing error for large negative values of δ can intuitively be understood by comparing the first two terms in the action (82): For δ < 0, the "tunnelingpaths" of extremal action are obviously straight lines along the two diagonales in the (x, y)-plane (ϕ = π/4). Along these diagonal rays, the basic factor exp[−1/(c|g|)] related to the decay-rate disappears for δ → −2, and the ensuing expansion of (78) in powers δ n becomes meaningless. An improved fit for δ < 0 can be obtained by choosing larger values of the large-order parameter σ. In Figures 11 and 12 we display the result for σ = 3 and N = 6, where for g/4 = 0.1 the accurate and the resummed curve coincide.
To obtain the correct description of the neighbourhood of the isotropic system δ = 0 we have used the method developed in the context of an anisotropic quantum field theory in [8] : By replacing the series k f k (δ)g k by n k f kn g k δ n and resumming the g-series accompanying each power δ n , we obtain very good results for the model integral and the ground-state energy of the anisotropic anharmonic oscillator. In this way our results justify the earlier field theoretic analysis and should be useful for understanding similar problems in other systems. The same functions as in Fig. 7 , but with the large-order parameter σ = 3 (explained in the text). The same functions as in Fig. 8 , but with the large-order parameter σ = 3.
